
Rigorous Machine Bounds for the Eigensystem 
of a General Complex Matrix* 

By J. M. Varah 

Introduction. We are concerned here with giving rigorous error bounds for the 
eigensystem of a general complex n X n matrix A, given an approximate eigen- 
system such as is furnished by [2]. In Section 1, we outline the technique in gen- 
eral terms and show that the bounds can be found in terms of computed quantities 
if tJElI0. = II - XYlOO < 1, where X is the matrix of approximate eigenvectors 
and Y is an approximate inverse for X. Then in Sections 2, 3, and 4 we give the 
specific roundoff error bounds for these general error terms, which include all the 
rounding errors made during the computation. An Algol program using the method 
is given in the microfiche section, and the results for the matrix example given in 
[2] are presented in Section 5, using the results of [2] as the initial approximation. 

1. Theoretical Bounds for the Eigensystem. We assume we have a complex 
matrix A' of order n represented for our calculation by the matrix A, with 

A = A + A, lAijI ? S. max lAiji 
1< i, j?n 

and a specified. We further assume a complete approximate eigensystem has been 
given for A, that is, a diagonal complex matrix A of eigenvalue approximations and 
a complex matrix X whose columns are approximations to the corresponding col- 
umn eigenvectors of A, normalized in some way so that all components are less 
than or equal to 1.0 in modulus. We wish to give rigorous bounds for the true 
eigensystem of AO. In this section we outline the technique used, which follows 
Wilkinson [4, Chapter 9]. In Section 4, we will give the actual bounds used, which 
include bounds on the roundoff errors committed in the calculations. 

We first perform a similarity transformation on A with X, assuming X can be 
inverted, giving 

X-'A0X = A + P + Q, 

where P is known exactly, and a bound for the modulus of each element of Q is 
known. To perform this similarity, let Y be a calculated approximate inverse for 
X, and define the following matrices: 

F = AX-XA +Q1, P = YF+Q2, E =I-XY, 

where the elements of Q, and Q2 are small. In the actual computation, we form 

F = f12(AX - XA) and P = fl2(YF), 

using double-precision accumulation of inner products. Then we use Qi and Q2 to 
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denote the errors made in these machine computations. We will show that we can 
obtain bounds for IQ ijI assuming only that 

/n 

JEflO. = max E IEijl) < 1. 
1< i<n ja=- 

Using these matrices above, we have 

P = YF + Q2 

= X-1F + (Y - X-')F +Q2 

= X-1AX - A + X-'Q1 + (Y -X-1)F + Q2, 

so that 

X-1A0X = A + P + Q, with Q -[X-1AX + X-'Qj + (Y-X-1)F+ Q2] . 

To bound Q, we note that if XY is invertible, 

Y - X- = Y(I - (XY)-1) 
= Y(I - (I -E)-) 
= -YE(I-E)-1 . 

Also 

X-1 = (y-1 -EY-')-' 
= Y(I -E)-1, 

so that 

Q = -[Y(I- E)-(AX + Qi) - YE(I - E)-'F + Q2]. 

Now, for i =1, 2, ***,n, let 

n n 

aei =E I Yi ji O i E lX jil j=1 j=1I 
,y= max =Fjil oi max I(Ql)jil, 

1?j?n 1?j?n 

n 
= E I (YE) iji 

j=1 

and let Amax = max1, , _n IA j . Then we have 

(AX + Q1) ijl < a *Amax 4j + GTj, 

so that 

1[(I-- E)-'(AX + Qi)]ijI < I(I - 
E)-'IIooi(Amax'3j + ofj) 

Also, 

[YE(I E)-'F] ijl ? ||(I- E)-1lloo *ri yj. 

Thus, assuming IEIllO < 1, 

jQ < ai(S Amax *0I3+OG-j) +Ti'jY? I(Q2)iI 
QWei = 1 - ing ' t I we iiw 

We bound the eigenvalues of AO using Gerschgorin's theorems, which we now 
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state for reference. For a given matrix B, define the Gerschgorin disks 

G= {:IX -bii E biji}, in 
jio 

Then the first theorem of Gerschgorin states that all the eigenvalues of B are con- 
tained in the union of the n disks { G i}. The second theorem states that if kc of the 
disks are isolated from the others, then there are precisely k eigenvalues of B in 
the union of those k disks. For proofs of these theorems, see Marcus and Minc 
[1, p. 146]. 

We apply these theorems to the matrix B = X-1A0X = A + P + Q. If the 
elements of P and Q are small, and no other eigenvalue approximation Ajj is too 
close to Aii, the ith disk will be isolated from the others, so that there is only one 
eigenvalue of B in the disk. For the ith disk to be isolated, we must have for all 
k7 5 i, 

Ibkk- biil > E |bijb + 
X 

Ibkjl 
joi jOk 

For the ith eigenvalue, we can usually obtain a better bound by applying Gersch- 
gorin's theorem to the matrix B modified by multiplying the ith row by /-m and 
the ith column by /m, where ,B is the number base of the machine used and m is a 
nonnegative integer, chosen as large as possible under the restriction that the ith 
Gerschgorin disk of this modified B matrix remain isolated. For such an m, the disk 
is defined by 

|) - (Aii + Pii + Qii) I E A * Pij + Qijl 
jio 

so that one eigenvalue XA of A' satisfies the inequality 

IXi - (Aii + Pii) -r = I Qiii + 3-m E (IPiji + I Qij ) 
jF^t 

The ith disk will be isolated if for all k #i, 

I(Aii + Pii + Qii) - (Akk + Pkk + Qkk)I > Al Z Pi + QI 
jFi 

+ AImPki + QkiI + E lPki + QkjX 
jOk,i 

which holds if 

I(Aii + Pii) - (Akk + Pkk)I > IQiii + IQ1ckI + fYmE (|PijI + IQiiI) 
joi 

+ O%(IPkij + I QkiI) + Z (IPkiA + I QkjI). 
jOk, i 

If such a bound can be obtained for the ith eigenvalue, we can also bound the 
corresponding eigenvector of A'. We first bound the corresponding eigenvector u 
of B = X-1A0X. Since B is nearly diagonal, u is close to the unit vector ei. Hence 
we can set ui = 1.0 and bound the other components of u by using the relation 
Bu = Xiu and the bound for Xi obtained above. In fact, the kth equation of Bu = X1iu 
gives 

[(Aii + Pii) - (Akk + Pkk)]Uk 

(1) - Pki + Qki + (Qkk + 01ri)uk + Z (Pko + Qkj)Ui 
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where loll < 1. We set Pk = (Aii + Pii) - (Akk + Pkk) for convenience. We first 
obtain a crude bound for Uk by assuming Iuj1 ? 1 for j # i. This gives 

lUkl _ Sk = Qkkl + ri + E (IPkil + Qkil) lPkl, k = 1, ,n . 
j3-k 

Now we use this bound for all jUkl in (1), obtaining the more precise bounds 

| Pk - L' < ?Qkil + (lQkkl+ ri)Sk + E (JPkiJ + I Qkjl)3j ] Pk, 
Pk j#k, i 

or, using Uk = Pki/Pk as the approximation to Uk, 

IUk - Ukf ? Sk(2), Zc k i (and ui = 1.0) . 

This bounds the eigenvector u of B = X-'A?X. To bound the corresponding 
eigenvector v = Xu of A', we must transform the estimate and bound for u by 
multiplying by X. Thus Vk - (XU)kl ? Z=l lXkjl j(2), Ic = 1, , n. Finally, 
we can normalize the estimate so that its largest component in modulus is 1.0, 
obtaining 

Vi - (XU)k < Z=1 lXkl2S K - 1,** 
Vk 

(XU)max Il(XU)maxl !n 

2. Basic Roundoff Errors. To bound the errors in machine calculation, we let 
211 = 2 (1.06) .p-t as in [3, p. 19] where A is the floating-point number base of the 
machine and t, the number of base A digits carried in each single-precision floating- 
point number. Thus 21 is an upper bound for the relative rounding error committed 
in each basic real single-precision floating-point operation. That is, 

Ifl(x + Y) - (X + Y)I ?li(lxf + IyI), 
fl(x.y) - (x y)J ? n_l(lxYD) 
jfl(x/y) (x/y)j ? nl(lx/yl)), y 5 0. 

We also assume the square root routine on the machine gives answers of com- 
parable accuracy, i.e., 

ffl(-.x) - Vxlx ? 21l1VX. 

The factor 1.06 makes for easier accumulation of errors. 21 could probably be 
taken smaller on most machines by a factor between 2 and 4, and the user may 
wish to adjust its value in the program. For further information, see Wilkinson [3]. 

To bound the errors in complex operations, let zi = xi + iyi, Z2 = X2 + iY2. 
Then the following results are easily obtained. 

1. ifl(Zl + Z2) - (Zl + Z2)1 < nl(lZll + IZ21). 

2. ffl(zl*Z2) - (ZlZ2)1 < (2\V2)nhIzl.z21. 
3. (a) If 

1jXl2 ?YlY2 \ (2Y1_- X 

fl(Zl/Z2) fl( 2 22 2 i22+ J 2 2), 

then Ifl(zl/z2) - (Z1/Z2)I1 (5 _V 2)nhZI1/Z2|. 

(b) Suppose IX21 ? IY21 and set r = x2/y2, d = Y2 + rx2. 
If 
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fl(z/z,) f1(xr + Y'l + i 
lYr - ;l~ fl (Zl/Z2) -f+ +l d d-) 

then Ifl(Zl/z2) - (Zl/z2)I1 (6 \ 2)771IZ1/Z21. 
4.(a) If fl(|Z) = fl((X2 + y2)12), then Ifl(lzI) - Izl ? 2nljzI. 
(b) If IxI ? jyj andfl(lzj) fl(lyj (1 + jx/yj')"') then lfl(lzl)-jzj ? 4mIzl 
5. In a real single-precision floating-point inner product, 

fl(>. XiYi) - (t X iY) | < nl(E | El(x: XiYi) 

6. In a complex floating-point inner product of single-precision factors accumu- 
lated in double precision and rounded to single precision, 

| A2 ziwi3 ziw$) t 7| ziwi + 62( lziwil) 
where E2 = (n + 1/2)n2 and fl2 = 2. (1.06)f1-2t bounds the basic double-precision 
rounding error. 

3. Machine Bounds for the Error Matrix Q. To bound the elements of Q, we 
need bounds for the quantities used to bound Q in Section 1. We use barred sym- 
bols to denote the machine bounds. 

1. ai < ai = fl(En=l I Yijl) -(1 + El + 3n71), i =, = *, n. 

2. f3 ? F = fl(Xj=l lXjil) -(1 + el + 3n1), i = 1, * .* , n. 
3. yi _ ?i = maxl?j?n (fl(IFjjj)) .(1 + 5n7), i = 1, . * , n. 
4. Amax < ?a = max,i, j<n (fl(IA jj)) .(1 + 5n). 
5. To bound IlEI ., we have for j #4 i, 

fn \ 

fl(Eij) = -fl2( XikYkJ) 

/n\ 

= Eij(1 + On,) + OE2(E XikX I Ykj) 

and 
n 

fl(Ei i) fl1 - t XikYk ) 
k=l 

= Eii(l + On, + 0(E|2 + i)( IXiklIIYki) + 072. 

Here 0 denotes a generic multiplier less than or equal to 1 in modulus. Thus if we 
set 

U =fl ai)(1 + El), 
i=l 

we have, since lXikl ? 1 for all i and k, 

I1EIJI ? = (max [fl( IEijl)](1 + el + 4nl) + (E2 + fl2)& + 2)(1 + 5nl). 
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6. We also need a bound for r = Ej=1 I(YE) ij. Now 

/n 

fl(YE) i = f12(Z Y-k fl(Eki)) 

n n 

= tE YikEkJ) (1 + 010) + E Yik(Ekj - fl(Ekj)) 
t=l k=l 

n 

+ 6E2 E (I Yikl I Ifl(Ekj) I) 
k=l 

Thus 

n 

Ti _ ri= [( I Ifl2 (YE) ij) (I + ,e + 4f71) + ai(62 + 172)a 

+ (nl + E2)e + n2](1 + 6n) 

7. To bound o-j, recall 

fl(Fij) = f12(( AikXkj3 - XijAj 
k=1,/ 

= (AX - XA)ij + 0711FjIl + 0(62 + 72)(E IAikllXkj) 

+ 0((2V2)n2) IXiX I AIjjl 

- (AX-XA) ij + (Qj) ij 

and thus 

0j < Uj = (E2 + 72) fj + 3n2[AjjI + n',j. 

8. Finally to bound I (Q2) ijl, we have 

n 

fl(Pij) = f12(Z YikFkj) 

= (YF) i + 06n1IPijl + OE2( IYyikfFkjI) 

so that 

I(Q2)ijl < nilPijI + E2aia. 

To give a rigorous machine bound for Q, we have to account for the errors 
made in computing the above bounds as well. Thus, for example, 

IPijI _ fl(lP[jl) .( + 4fl1) . 

Finally, we obtain 

fl>nhIPiiI + uj) + i 
a+171. I Q xl -Q ij = f?jn1 jPijj + e2UiTj+ 1- _ -_ f71(l + e) ;( + l2fli) 

For this to exist, we must have the denominator positive. Thus corresponding to 
the theoretical condition IIE IIo < 1 of Section 1, we have the machine condition 
_ < (I - 0A, \"1) 
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EIGENSYSTEM BOUNDS: FOURTH ITERATION 

ABS(LAMBDAC1O03( 8,12276,59240,40516,95387,418@-02)) S 7,0877366625@-13 

EIGENVECTOR BOUNDS AREI 

ABS(XC 1J1O] - (-9,80976sO6Ol9,7O599,72072,O42@-10)) 5 1,1068600432@-14 
ABS(XC 2,103 - ( 1,10958,96145,28815,97919,513@-08)) S 1.0313422383@-14 
ABS(XC 3J10J - ( 7.33905,41289,82543,43573,171@-09)) C 5,2100951406@-15 
ABS(XC 4u10 - (-1.449O3,6972O068494,6O9O4,979@w06)) 5 6.8429513045@-15 

ABS(XC 5s10] - ( 1.5577O,O0376,9O727,26666,8l3@-O5)) 5 6,9846249985Q-15 

ABS(XE 6,103 - (-3,34790,51622,02285,25975,705@-05)) 5 207379035124@-14 
ABS(XE 7103 - ("9.637O3,8Ol7OsOO35O,37346,562@-04)) 5 1.9301862161@-13 
ABS(XE 8,103 ( 1,33735,O7467,49867,89746,583@-O2)) 5 1,2611504385@"12 
ABS(XE 9103 - ('9919476,l16l4p76852,5O5O8,68O0"O2)) S 6.4441614122@-12 
ABS(XC10,01 - ( 3,81457,47745,22297,68340,198@^01)) 5 2t3154536600@-11 
ABS(XE1*P103 - (.9*18772, 34075,95947,12999,605O5 01)) 5 5*1921389637@-1l 
ABS(Xl2P102 - ( 1j0OOOOO,OOOOOpOOOOO,OOOOOPOOO@+OO)) 5 5.4842010918@-1l 

ABSCLAMBDAC113J( 1*43646,5l976,922O4L 86973,6I45@"01)) 5 1,5416429665@-13 

EIGENVECTOR BOUNDS ARES 
ABS(XE i'll C t 6*2O7O2,69189,lO568,26641,5O5-09)) 5 1.7434299658@-14 
ABS(XE 2il1 - e-3970O33,9634O,O9ll2,799386779@wO8)) 5 1.6308351611@-14 
ABS(XE 3*11J - (-2*54717,68428,92117,74995,888@.07)) 5 6,7782059504@-15 
ABS(XE 4,113 - ( 4,O9451,15813,68153,62233,4878"O6)) 5 9.3479387732@-15 
ABS(XE 5,11J - (86,45053,59816p38507,96475p652@-O6)) 5 8.2431766586@'15 
ABS(XE 6,113 - (-lo77654,47289,8l438B28545PI17@-04)) 5 1,37636289559-14 
ABS(XC 7w113 - ( 1*47089,38187,69934,90432,B24@-03)) 5 7,4496003126@-14 
ABS(XE 8p1Ii - (-1*34829,72206p76638,38936PO385-03)) 5 5.5882308860@"13 
ABStXt 9'113 - (4.316014,61433,37340,37369,166@"02),) 5 3,077394960-4@"12 
ABS(XC110113 - ( 2,94847,38166,7O738,336O9,435@'O1)) 5 1.1497666843@-11 
ABS(XE 11J 11 - (.8.56353,43023,07795,40335,O46-O01)) 5 2.6381681437@-11 
ABS(XE12P11J - C 1, O00O0O?OOOOO?OOOOOOOOOOOOO+O00)) 5 2,8151569027?-I1 

ABS(LAMBDAC121'( 2*84749,72055,84781l88282,617@"O1)) 5 1.3873439522@14 

EIGENVECTOR BOUNDS ARE: 
ABS(XE 1.123 - (C1.19061PO5278,84764,66934,149@-O7)) S 6,0302198146@-15 
ABS(XE 2P123 - ( 2.99064,21369,1Q219,92917,68O0-O7)) < 5.6408659548@-15 
ABS(XC 3P123 - ( 3.8481717O71,O7O64,87942,5949-06)) 5 2,3714995476P,15 
ABS(Xt 4s123 - (-2.01687,57372P24147,30515,215@-05)) C 3.2382383130@-15 
ABS(XC 5012J - (-7.0967OJ09125,93027,69031,150@-05)) 5 298686450523@"15 
ABS(XC 6P 12 - ( 7,44897,O6845,14587,61341,644@-04)) 5 5.0253794403@-15 

ABS(XC 7J12J - (C.126492,7404O*69843,6885O,891@.O4)) C 2,6846351293@-14 
ABS(XC 6P123 - (C1.5378OP95663,O8615,36267,732@-02)) S 107839195852@"13 
ABS(XE 9,12J - ( 4,08486,82483,41952,45413,714@.02)) 5 1,0032388667@-12 
ABS(XC1O12J - ( 1.13416,62084,13488,33735,374F.O1)) < 3.8657327999@-12 
ABS(XC 112J - (-7.1525O,2(944,15221J20985,641@-01)) 5 9.0072377961@-12 
ABS(XC12,212 - C 1*?0000O0000OO,00 OOOOQ,OOO@+00)) 5 9.6801259988 @12 

4. Machine Bounds for the Eigenvalues and Eigenvectors. We first form 

Xi = fll(Aii + Pii), i = I, n 
as improved estimates for the eigenvalues, where fll denotes double-precision add 
and store. We include roundoff here by adding n2(jAiij + lPiil) to Qii. We also 
form 

ti = fl( (IPikI + Qik))* (1 + 61 + 5,1) i = 
kOi 

bounding the off-diagonal row sums of (P + Q). 
To bound the error in Xi, we use the Gerschgorin bounds obtained in Section 

1. We form for j - i, 
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pj= fl2(Xi - Xi) 

Hi- = fl(lPil), 

and 

Vj = fl((ql + n2) (l Xi + I X1j)) (1 + 7X1) 

so that IPj - (X - Xi)l < vj. Then we can say rigorously that 

lxi - _r= fl(Qi + O-mtt) -(1 + nX) 

where m is the largest nonnegative integer such that the ith Gerschgorin disk is 
isolated, i.e. so that for all j # i, 

I.j > fl(4X,1.j+ + vj + ri + Qjj + tj + 3m(jPji| + Qj)) - (1 + 7X13) 

To choose m initially, note that the largest term in the above expression is 
usually the last, so we pick the largest m such that 

3m(tpjil + Qji) < /j, I # i. 

Then we test each of the above more stringent requirements, decreasing m until 
they all hold or until m < 0. If the latter is true, we conclude that the ith eigen- 
value cannot be isolated. Otherwise, we proceed to bound the corresponding 
eigenvector. 

We first bound the eigenvector u of B = X-'A0X. Corresponding to identity 
(1) of Section 1, we have in terms of machine quantities, for k # i, 

(2) PkUk = Pki + OQki + O(Qkk + ri + Vk)Uk + Z (Pkj + OQkj)Uj. 
jOk,i 

Again we first obtain a crude bound for lukl by taking moduli and replacing [ujl, 
j = 1, , n on the right-hand side by the upper bound 1.0, obtaining for k # i, 

(1) - (Qkk + i+ Vk + tk\ + UkI <k fl ~ I.tk ,J(I + 87 ). 

Now we use this bound for lujA (j # i) in the right-hand side of (2), obtaining the 
estimate uTk = fl(PkiPk) for Uk and the bound, for k # i, 

| Uk - j7k |< Sk 

fQki + 3k(Qkk + Ti + Vk) + Zj k,i (jPkiI + Qkj)+ 

*(1 + 'E + 11X71) 

To bound the corresponding eigenvector v = Xu of A', we multiply through 
by X. Thus our estimate for v is v = Xu-, which we form and store in double pre- 
cision. So 

'n 

Vj = fll EXjkgk) 

=ndlj- XTjl7c= fir 

and ft v- (X-u)I ?l < , where 
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= fl(>i [Ukl)- (1 + E1 + 3X71) 
k=1 

Also, from the above bound for I U- Uk, we have 

n 

Ivi - (X'u)jl E ? Xjk4 
k=1 

where we Inow ui = ui = 1.0 and -S(2) = 0. This gives for j = 1, - n, 

I V I = X f, |XjkI1k() + 622 ) (1 + -1 + 5X1) 
k=1 

Finally we normalize v so its largest component in modulus is 1.0 by dividing by 
the largest component vjmax in double precision, obtaining 

____j +39+ 
vj - fl(i ) < fl 1 ) (1 + 871) 

5. Use of the Program. The program, M-10, given in the microfiche section 
herein, is coded in standard Algol 60 except for the addition of complex and long 
(double-precision) declarations. Arithmetic operations between two long variables 
is assumed to be done in double precision, and we assume the abs function is de- 
fined for a complex argument and gives the modulus. It is important to note that 
the technique can be applied repeatedly, using the output improved eigensystem 
as the input for the next iteration. 

The program, translated into Burroughs Algol for real matrices, has been tested 
on scores of matrices using the Burroughs B5500 at Stanford University. The one 
example given here is the 12 X 12 Frank matrix for which the approximate eigen- 
system is given in [2]. Because the approximations to the smallest eigenvalues 
were so poor, on the first iteration we could not isolate the smallest three eigen- 
values. But the improved eigensystem was more accurate, and on the fourth itera- 
tion, we obtained estimates for the eigenvalues which agreed with those published 
by Wilkinson [3, p. 152] to all 15 decimal places he gives, and which were guaran- 
teed to at least 12 decimal places, as were the eigenvectors. We list the fourth 
iteration results for the smallest three eigenvalues. 
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TABLE Ml. EXTENDED 65 POINT GAUSS \FORMUL&t 

ABSC I SSAE iE IGHTS 

.99988 81764 53396 714981 0 .30125 85132 31673 706991-3) 

.99932 60910 75412 877271 0) .84426 66418 02694 827671-3) 

.99818 32718 99995 057561 0) .14409 74396 85300 280471-2) 

.99645 09480 61849 163061 0) .20195 44741 84109 258141-2) 

.99414 97909 64034 949171 0) .25819 35728 28895 912731-2) 

.99128 52761 76801 668721 0) .31489 33385 29716 539281-2) 

.98784 91483 00927 63193( 0) .37236 23338 5082l 037641-2) 

.98383 98121. 87034 941381 0) .42933 86024 84055 437661-2) 

.97926 54811 15988 377071 0) .48543 12435 51340 42934(-2) 

.97413 15398 33551 16907( 0) .54139 51002 81884 65190(-2) 

.96843 69354 81597 495141 0) .59751 42661 20618 342951-2) 

.96218 27547 18055 23?711 0) .65319 80449 96366 852641-2) 

.95537 55216 23831 030171 0) .70814 75843 77401 L4549(-2) 

.94802 09281 68407 50637( 0) .76274,99793 84036 259271-2) 

.94012 09431 86899 508341 0) .81720 14635 78137 01971?-2) 

.93167 86282 28749 33797( 0) .87114 10032 06977 890831-2) 

.92270 06530 10921 93985( 0) .92434 20840 07523 218651-2) 

.91319 34405 42846 26174( 0) .97704 20249 91696 179171-2) 

.90316 09568 42872 39210( 0) .10293 81123 81518 72365(-1) 

.89260 78805 04738 93142( 0) .10811 05280 05173 419701-1) 

.88154 15522 70033 475851 0) .11320 34350 81627 651691-1) 

.86996 92949 26407 03619( 0) .11823 30098 99908 663151-1) 

.8 789 66653 52267 05451( 0) .12320 97919 56166 62245(-1) 

.84532 97528 99930 28394( 0) .12811 43161 06823 08620(-1) 
.83227 67481 01741 593741 0) .13293 16580 73810 4Ol7112-I) 
.81874 59259 22651 45343t 0) .13767 36769 9447l 00941(-I) 
.80474 42111 45924 39263( 0) .14234 86650 53417 320001-1) 
.79027 89514 92121 84305( 0) .14694 08698 21101'41522(-1) 
.77535 92543 28223 243891 0) .15143 75431 59682 284361-1) 
.75999 43224 41999 78687( 0) .15584 78852 34809 746701-1) 
.74419 22979 56146 711501 0) .16017 87071 59279 993151-1) 
.72196 16763 29*24 619011 0) .16441 67167 69837 960551-1) 
.71131 24334 09271 957671 0) .16855 09574 88589 455971-I) 
.69425 46952 13991 633551 0) .17258 87401 53060 281121-I) 
.61769 16184 95260 92905( 0) .17653 59543 19965 118631-1) 
.65895 09061 93625 13304( 0) .18038 11905 95004 719161-1) 
.64072 51936 71929 560621 0) .184L1 45579 11501 90913(-1) 
.62213 15090 85400 24L58( 0) .18774 24289 77393 122431-1) 
.60318 00285 61739 61277( 0) .19126 99948 27276 243301-1) 
.58388 11896 60487 31333( 0) .19468 72317 37824 28613(-1) 
.56424 65780 7551l 992181 0) .19798 52457 44320 03595(-1) 
.54428 79248 62227 13855( 0) .20116 96842 85209 81S851-i) 
.52401 62464 88573 96841( 0) .20424 53465 55819 492841-1) 
.50344 27804 55006 882341 0) .20720 33047 03184 58503(-L) 
.48257 97979 90000 38780C 01 .21003 54856 40188 008921-1) 
.46143 97015 69145 057701 0) .21274 70868 14018 64581(-1) 
.44003 42279 16276 66208( 0) .21534 27003 95674 04L87(-L) 
.41b37 52966 23409 009261 0) .21781 42923 66157 09489(-1) 
.39647 57680 67884 94l551 01 .22015 44795 99525 627971-1) 

*The integer in brackets denotes the power cif ten by which the number should be 

multiplied. 


